We present a significant improvement over our previous calculations of the cosmic string contribution to cosmic microwave background (CMB) power spectra, with particular focus on sub-WMAP angular scales. These smaller scales are relevant for the now-operational Planck satellite and additional sub-orbital CMB projects that have even finer resolutions. We employ larger Abelian Higgs string simulations than before and we additionally model and extrapolate the statistical measures from our simulations to smaller length scales. We then use an efficient means of including the extrapolations into our Einstein-Boltzmann calculations in order to yield accurate results over the multipole range 2 ≤ ℓ ≤ 4000. Our results suggest that power-law behaviour cuts in for ℓ 3000 in the case of the temperature power spectrum, which then allows cautious extrapolation to even smaller scales. We find that a string contribution to the temperature power spectrum making up 10% of power at ℓ = 10 would be larger than the Silk-damped primary adiabatic contribution for ℓ 3500. Astrophysical contributions such as the Sunyaev-Zeldovich effect also become important at these scales and will reduce the sensitivity to strings, but these are potentially distinguishable by their frequency-dependence.
We present a significant improvement over our previous calculations of the cosmic string contribution to cosmic microwave background (CMB) power spectra, with particular focus on sub-WMAP angular scales. These smaller scales are relevant for the now-operational Planck satellite and additional sub-orbital CMB projects that have even finer resolutions. We employ larger Abelian Higgs string simulations than before and we additionally model and extrapolate the statistical measures from our simulations to smaller length scales. We then use an efficient means of including the extrapolations into our Einstein-Boltzmann calculations in order to yield accurate results over the multipole range 2 ≤ ℓ ≤ 4000. Our results suggest that power-law behaviour cuts in for ℓ 3000 in the case of the temperature power spectrum, which then allows cautious extrapolation to even smaller scales. We find that a string contribution to the temperature power spectrum making up 10% of power at ℓ = 10 would be larger than the Silk-damped primary adiabatic contribution for ℓ 3500. Astrophysical contributions such as the Sunyaev-Zeldovich effect also become important at these scales and will reduce the sensitivity to strings, but these are potentially distinguishable by their frequency-dependence.
I. INTRODUCTION
Observations of the cosmic microwave background (CMB) radiation and the large-scale distribution of galaxies indicate that cosmic structure was seeded in the very early stages of the universe [1, 2] , consistent with the inflationary paradigm. However, the datasets leave room for significant effects due to the presence of cosmic strings at subsequent times [3] [4] [5] [6] . These strings (see Refs. [7] [8] [9] [10] for reviews) are particularly important in that they are predicted by many physically motivated inflation models, including brane inflation models in the context of string theory [11, 12] but also models rooted in Grand Unified Theory (GUT) [13] . Such models also predict other types of cosmic defect, including textures and semilocal strings [14] [15] [16] [17] , and their CMB signals are [18] [19] [20] [21] [22] also of great interest.
In previous works we calculated cosmic string CMB temperature and polarization power spectra using field theory simulations of the Abelian Higgs model [23, 24] and used the results to fit models with both string-and inflation-induced anisotropies to CMB data [3] . It was found that the data (which was primarily the WMAP third-year release [25] ) favoured a model with a fractional string contribution to the temperature power spectrum at multipole moment ℓ = 10 of f 10 = 0.09 ± 0.05 with * Electronic address: n.bevis@imperial.ac.uk † Electronic address: m.b.hindmarsh@sussex.ac.uk ‡ Electronic address: martin.kunz@unige.ch § Electronic address: jon.urrestilla@ehu.es the spectral tilt of the inflation-induced primordial perturbations being n s = 1.00 ± 0.03. The latter was in contrast to the inflation-only result of n s = 0.951
+0.015
−0.019 [26] and showed, along with Refs. [4, 22] , that the inclusion of topological defects could readily allow n s > 1 under those data, thanks to a parameter degeneracy found in Ref. [20] .
In the present article we present a significant improvement in the CMB power spectrum predictions from string simulations, with particular emphasis on small angular scales. While the numerical simulations of the Abelian Higgs model in Ref. [23] yielded CMB results covering multipoles ℓ ≈ 2 → 1000, the full range of angular scales relevant for WMAP data, they did not have the dynamic range to accurately investigate finer angular scales. Higher multipoles are now of great interest thanks to good coverage by sub-orbital CMB experiments [27] [28] [29] [30] [31] , plus the imminent arrival of full-sky Planck data [32] (ℓ 2500), and we have therefore focused on yielding accurate string predictions for ℓ 4000.
Our ability to now include smaller scales stems partially from improvements in computational facilities and the carefully-chosen initial conditions that we now employ in our Abelian Higgs simulations. But more importantly, we have made developments in the method used to yield the CMB power spectra from the statistical measures of the energy-momentum distribution in our simulations: the unequal-time correlation functions (UETCs) [18, 33] . We now model and extrapolate the measured UETCs to smaller scales in order to mimic results from larger simulations and have developed an efficient means of including UETC results at these extrapolated scales into our CMB calculations.
The need for the above extrapolation can be understood as follows. The width of a cosmic string is microscopic (perhaps at the GUT scale) while their separation at times of cosmological importance is of order the Hubble distance and hence it is not possible to simultaneously resolve both scales in numerical simulations during the epochs when strings would have impacted on the CMB. We can solve this problem by using scaling [34] : when the horizon is greater than about one hundred times the string width, we observe that the strings enter a late-time attractor solution in which statistical measures of the string distribution, when measured in horizon units, are constant in time. For example the average string length in a horizon volume divided by the horizon size is ≈ 50. Similarly, the UETC measurements are independent of time once scaled by the horizon size and hence scaling provides knowledge of their values at times of cosmological importance. However, the measured UETC power is attenuated on scales close to the string width and scaling is broken for such length scales. Hence the resultant CMB results would show too little power at very small angular scales: the sharp changes in temperature caused by the Gott-Kaiser-Stebbins (GKS) effect [35] [36] [37] would have been smeared out by having been effectively sourced by strings whose width was around one-hundredth of the horizon size in the post-recombination era. For our previous work this was of little actual concern since those articles focused upon WMAP scales (ℓ 1000). It is, however, necessary to extrapolate the UETC results to sub-string scales in order to obtain accurate results from field theoretic simulations for much higher multipoles.
Other approaches to calculating CMB perturbations from strings include using simulations of the NambuGoto (NG) type [38] [39] [40] and the unconnected segment model (USM) [4, [41] [42] [43] . Nambu-Goto simulations can yield a greater dynamic range than field theoretic simulations but must still invoke scaling to yield CMB results over a wide range of scales. Furthermore the network correlation length used in the initial conditions appears to persist and may limit the reliable resolution of NambuGoto simulations [44, 45] . The USM represents the string network as a stochastic set of moving "sticks", which disappear at an appropriate rate in order to give the chosen string scaling density. While it has no true dynamical content, it is computationally cheap and offers the flexibility to choose the coarse-grained network properties [4, 42, [46] [47] [48] .
The advantage of the Abelian Higgs model is that it includes the small-scale physics near the string width, which has a non-negligible impact on the string dynamics [49, 50] : energy from the strings is converted into massive gauge and Higgs radiation. In NG simulations this decay channel is not included and the string length density is significantly higher, with the long strings being converted into small loops that would then decay via gravitational radiation (although this process is not actually simulated). With the extra decay channel in the field theoretic simulations, decay via gravitational radiation would be less important, and this fact significantly changes the predictions for gravitational wave observations. In the case of the CMB on the other hand, it is the long strings that are important, and the key difference between the simulation results is the inter-string separation. A potential disadvantage of a field theory simulation is that computational constraints require the string width to be artificially increased in order to keep it above the simulation resolution, but we carefully show that this does not significantly affect the UETCs and therefore the CMB power spectra results.
In Sections II and III we detail our methods, including an overview of the UETC approach, our field theory simulations, the tests of scaling that we employ and the sub-string extrapolation. We exhibit the resulting CMB power spectra in Section IV, and give conclusions in Section V.
II. METHOD OVERVIEW
As already noted, the basis for our string simulations and CMB calculations is our previous work: Ref. [23] , referred to hereafter as BHKU. We refer the reader to that article for the full details of our approach but we present the essential information in what immediately follows and highlight the improvements made for the current article in the next section.
A. UETC approach
In CMB power spectra calculations for inflationary models with cosmic strings, the inflationary contribution is essentially uncorrelated with the cosmic string contribution. This is because the inflationary perturbations are laid down by an independent field 60 e-foldings before the strings are formed, and because the complex string dynamics rapidly destroys correlations with earlier times (see Sec. III C). As a result we may write the total spectrum ℓ(ℓ + 1)C ℓ as a sum of two independent spectra and take the cross-correlation term to be negligible:
where C inf ℓ is the inflationary contribution and C str ℓ is the string contribution. We can use standard methods [51] to determine C inf ℓ and it is therefore upon C str ℓ that this article is focused.
Physically the strings cause CMB anisotropies by creating perturbations in the space-time metric, which are roughly of the same order as Gµ, where µ is the string mass per unit length, G is the gravitational constant, and Gµ 10 −6 to be consistent with current observations [3] . These inhomogeneities in the metric then lead to perturbations in the matter and radiation that themselves evolve and influence the strings, but we can neglect this back-reaction since the resulting perturbations of the strings would then result in changes only of order (Gµ) 2 to the metric.
In order to determine the string contribution to a twopoint correlation function, such as the CMB temperature power spectrum, we are required to solve a set of linear differential equations of the following form, in which the string energy-momentum tensor components act as source termsS a :
Here X a is the quantity of interest andX a its Fourier transform, whileD ac is a differential operator, dependent upon the cosmic scale factor a, the background matter density ρ and similar quantities. Our notation is such that τ is the conformal time and k is the comoving wavevector. The homogeneous version of this equation (S c = 0), which corresponds to the inflationary case, can be solved by standard codes and therefore, in principle, we may use a Green's function G ac (k, τ 0 , τ ) to give the power spectrum at conformal time τ 0 for the string case via:
Hence the data required to calculate such two-point correlation functions are the two-point unequal-time correlators of the string energy-momentum tensor components [18, 33] :
Note that statistical isotropy implies thatŨ ab is not dependent on the direction of k and further that it is realvalued. Significant simplification in the form ofŨ ab may be made using the scaling property, briefly mentioned in the introduction. Under scaling, any statistical measure of the spatial distribution of strings scales with the horizon size, which is just τ in comoving coordinates. For example the comoving length-density of string is α/τ 2 , where α is a dimensionless constant. The existence of this attractor was predicted by Kibble [34] and has been confirmed in Nambu-Goto simulations [39, 45, 52] (with some assumptions about the decay of loops) and in Abelian Higgs simulations [23, 49, 53] . We will present further evidence in support of scaling in our results section.
The power of scaling is that it enables us to writeŨ ab in terms of a function of just two variables:
Here φ 0 sets the energy-scale of the problem and converts between the scaling spatial distribution of string and the distribution of energy. For example, in the case of the Abelian Higgs model (see next section) it is the vacuum expectation value of the scalar field. The comoving simulation volume V appears here because we define our Fourier transform so that it leaves dimensions unchanged:X
The UETC scaling functionC ab can be seen to allow data to be taken for very large k at small τ and τ ′ and then used to provide information about small k at large τ and τ ′ . This is critical for the present calculations, as noted in the introduction.
Further power of the UETC scaling functions derives from their functional form: they decay for large and small time ratios τ /τ ′ , and for large k √ τ τ ′ (small scales), while causality constrains their form at low k √ τ τ ′ . This crucially means that we need study a scaling network for only a relatively short range of times and in a limited simulation volume. However as noted in the introduction, small length scales become more important when considering small angular scales (see next section).
While our approach is to measureC ab from cosmic string simulations, and therefore findŨ ab , we do not in fact then use Eq. (3). Instead we decomposeC ab into a sum over products as [54] :
The problem then breaks down to:
where:
In practice we do not calculate this integral via a Green's function, but instead apply a modified version of CM-BEASY [55] to determine the CMB power spectrum contribution from the coherent active sourcec nb / √ τ . In principle there are 55 possible UETCs between the 4 scalar, 4 vector and 2 tensor degrees of freedom in the energy-momentum tensorT µν , but thanks to statistical isotropy and energy conservation, we in fact need only to measure 5 scaling functions [56] . The scalar UETCs that we calculate involve projections fromT µν that, via Einstein's equations, directly source the two Bardeen potentials [57] 
From these projections there are 3 independent UETC scaling functions that we must measure:
Then in the tensor case we project out the two tensor degrees of freedom (see BHKU), which we denote asS T1 andS T2 . We then determine:
where the factor of 2 is present to ensure thatC T matches the definition of Ref. [19] . Following Ref. [19] , we make a change in the scaling function definition when considering the two vector degrees of freedom fromT 0i ,S V1 andS V2 (see BHKU). Specifically we pull out a factor of k 2 τ τ ′ from the scaling function such that:
This definition is motivated by the fact that covariant energy-momentum conservation requires that the vector UETC varies as k 2 at small k while the other UETCs that we measure tend to a constant value as k → 0; and it is desirable for all UETC scaling functions to have the same super-horizon properties.
However, it should be noted that the above discussion requires a small change because scaling is broken near the time of radiation-matter equality τ eq , since τ eq is a second dimensional scale which enters the problem. We hence are required to take UETC data in both the radiation and matter eras -although the matter era data dominates the CMB results -and we then use interpolation in order to model the transition. Scaling is also broken as the Universe enters the current accelerating phase, causing the string density to decay, which we model by partially suppressing the stress source.
For more details of the solution of the linearized Einstein-Boltzmann equations in the presence of sources see Refs. [58, 59] .
B. Field theoretic simulations
For computational speed, we simulate local cosmic strings by solving the classical field equations of the simplest theory that contains them: the Abelian Higgs model. In the notation of BHKU this has Lagrangian density:
with D µ = ∂ µ + iA µ and F µν = ∂ µ A ν − ∂ ν A µ while e and λ are dimensionless coupling constants. In a spatially flat Friedmann-Robertson-Walker(FRW) metric with scale factor a, this leads to the following EulerLagrange equations:
where the gauge choice A 0 = 0 has been made. Here we use over-dots to denote differentiation with respect to conformal time τ , while ∂ i denotes differentiation with respect to comoving Cartesian coordinates. When simulating this model in an expanding universe, the simulations must resolve the comoving string width w 0 /a (i.e. w 0 is the fixed physical width ∼ φ −1 0 ). They must also contain at least one horizon volume of comoving diameter 2τ . However, these two scales diverge rapidly, with their ratio growing as τ 3 in the matter era, while we require ratios 100 in order for strings to scale. Hence with 1024 3 lattice simulations, which are the largest that are practical with our available facilities, we cannot study a scaling network using these equations for long enough to measure the UETCs up to sufficiently high τ /τ ′ ratios. Furthermore, the increase in this ratio with computer time t cpu varies as t cpu 1/12 and hence the returns from much larger outlays are minimal. In BHKU we therefore proceeded by allowing temporal variations in the coupling constants λ and e:
such that the comoving string width now varies as
where s is the string width control parameter. If s = 0, then the factors of a on the right-hand-side of Eqs. (18)- (20) are removed and the string width remains constant in comoving coordinates, while s = 1 gives the normal dynamics of the model. Note that the above dependencies preserve the ratio λ/2e 2 , which we set to be unity for the simulations described in this article: the Bogomolnyi limit [60] .
Simply evolving the above dynamical equations (Eqs. 18 and 19) while varying λ and e will not preserve the constraint Eq. (20) . Hence the BHKU method is to vary the model action with respect to the fields whilst allowing for the temporal dependence in λ and e, which then yields a consistent set of dynamical and constraint equations: Eqs. (18) and (20) in addition to a modified form of Eq. (19):
However, for s = 1 the action is no longer a 4-scalar and hence there is a breach of covariant energy conservation. Since it is the energy-momentum tensor that seeds the cosmological perturbations which result from strings, then this is clearly a potential problem. Fortunately in BHKU it was established that the effects on the UETCs, and therefore the CMB power spectra, are minimal on the relevant scales, but we present additional evidence in support of this approach in the next section.
III. METHOD REFINEMENTS AND INTERMEDIATE RESULTS
As discussed in the introduction, the use of scaling to translate simulation results from GUT length-scales to cosmological scales means that any effects present in our simulations on scales close to the string width are erroneously transfered to scales of order one hundredth of the horizon size at the decoupling of the CMB, i.e. ∼ 3 kPc rather than ∼ 10 −32 m (which would correspond to the string width if Gµ ∼ 10 −6 ). As already mentioned, this smearing out of the energy density would lead to reduced power in the string contribution to the CMB power spectrum at small angular scales.
For our previous work, which was intended to be used only with WMAP data, this effect was not anticipated to be significant, since WMAP only probes scales larger than about one tenth of the horizon at decoupling (ℓ < 1000). Additionally the small-scale data which then existed was not precise enough or on small enough scales for the likely inaccuracies to be a cause of concern, unless the strings completely dominated the CMB on such scales -something that the WMAP data was seen to rule out [3] . While it is true that at times long after recombination, the properties of strings on scales much smaller than the horizon can influence WMAP scales, their effect would have been minor, as we shall demonstrate in this article, which now includes their contribution.
In order to include small-scale UETC power, we model the UETCs and extrapolate the trends seen to sub-string scales (Sec. III D). We have also modified our CMB calculation method in order to rapidly include these extrapolations (Sec. III E). However, we additionally employ larger simulations than in the past and employ different initial conditions, both of which enhance our ability to study the scaling epoch and improve our measurements of the UETC scaling functions. We hence discuss our new results for measures of scaling and of the UETCs themselves, before going on to discuss the inclusion of small scales. for the BHKU ones.
A. Tests of scaling
As has already been alluded to, for strings to scale their width must be much less than their separation, which is of order the horizon size. This statement may be made more precise by introducing the (comoving) network length scale ξ, defined by:
where L is the comoving string length 1 in the simulation volume V . We observe in our simulations that accurate scaling sets in at ξ 40w whereupon ξ ∼ 0.3τ .
However, in BHKU we were limited to an Abelian Higgs simulation size of 512 3 , which is about the minimum required to study a scaling network of strings. We therefore were forced to be content with initial conditions that yielded not ξ ∝ τ but ξ ∝ (τ − τ ξ=0 ), as shown in Fig. 1 , were τ ξ=0 is negative. That is, at early times string decay occurred more quickly than scaling would have predicted and ξ increased rapidly, but then stabilized to an approximately constant dξ/dτ once ξ 40w (where w ≈ φ −1 0 but is slowly decreasing with τ in the s = 0.3 simulation for which BHKU-style results are plotted). As can be seen in the figure, this rapid increase aids the creation of an approximately scaling network for simulations that are causally limited to small times, albeit scaling with (τ − τ ξ=0 ) rather than τ . Fortunately, at times of cosmological interest we have τ ≫ τ ξ=0 and therefore this offset is not actually relevant. Furthermore, when τ was replaced by (τ − τ ξ=0 ) in the calculations of the UETC scaling functions, the equal-time scaling functionsC(kτ, 1) were seen to be approximately constant in τ , as is required for scaling.
Despite the success of the (τ − τ ξ=0 ) replacement when using the BHKU initial conditions, with the larger 1024 3 simulations available for the present work we noted a slow drift in the dξ/dτ value, even at late times. Further, there was a slow rise in the magnitude of the τ ξ=0 -corrected equal-time scaling functions. This is expected at some level since the dynamical equations contain the quantity:ȧ
where n is unity for the radiation era and 2 for the matter era. The ratio of this damping scale τ /n to the network length scale ξ changes with time if τ ξ=0 = 0 and at τ ∼ |τ ξ=0 | with negative τ ξ=0 , the system has a lower than asymptotic value of τ /nξ -it is being damped too heavily. We hence now employ initial conditions that yield (effectively) τ ξ=0 = 0, although now we do not see scaling until long after the causal run-time limit of our previous 512 3 simulations. In principle, the initial conditions for the fields are set by their fluctuations (quantum or thermal) at string formation, which have a finite, microscopic, correlation length (see e.g. [63] ). Fortunately the string network is observed to relax to scaling for a wide variety of initial conditions and so it is not important to model the initial fluctuations precisely. In BHKU we employed initial conditions that were designed to model a vacuum phase transition at the end of inflation: each lattice site was given an independent phase for φ, with |φ| = φ 0 , and the initial time τ start was set roughly equal to the lattice spacing ∆x. The gauge field and the canonical momentumφ were set to zero. However, that set of initial conditions means that the simulations begin with τ start ∼ w and this was seen in BHKU to be responsible for the initial rise in ξ.
In this work we begin with φ as a Gaussian random field with correlation length l φ such that l φ ∼ τ start ≫ w. We are free to choose the two-point auto-correlation function of this Gaussian random field, subject to the constraints that it is zero outside the causal horizon and that its Fourier transform (the power spectrum) must be non-negative. For simplicity we relax the first constraint slightly and opt for:
This decays so rapidly outside the horizon that it is effectively causal with horizon size ∼ l φ . We hence generate a field in Fourier space with spectrumP and random phases for each k-mode, before transforming it to real space to become our initial φ configuration. This gives φ * φ = P 0 , which we take as φ 2 0 since the field should be close to its vacuum except at lattice sites very near to the strings. Further, since Hubble damping at τ ≫ w is too weak to rapidly relax the fields into a network of string, we now employ diffusive (first-order) evolution until a time τ diff in order to achieve that. We then have three parameters τ start , τ diff and l φ which we may vary in order to achieve our goal of τ ξ=0 = 0, although each test of a point in this 3-dimensional parameter space is very computationally-expensive.
While in principle this τ ξ=0 → 0 optimization should be performed for each value of s, the insensitivity of the string dynamics to changes in s (as noted in BHKU) implies that this computationally-costly process can be performed only once. However, to keep the same settings for these 3 parameters at all s values, we must use a lower lattice spacing ∆x at higher s in order for strings to still be resolved (w 0 /a s > 2∆x) at the end of the simulation τ = N ∆x/2, which is the causal time limit 2 . This implies that the accessible τ /τ ′ range narrows as s is increased. The results for ξ from these new initial conditions can be seen in Fig. 1 , for simulations in the matter era using s = 0 (with a = 1, λ = 2 and e = 1 during diffusive evolution and ∆x = 0.5φ C(kτ, 1) in Fig. 2 , which provide a scale-dependent test of scaling and is the quantity that is most important for the CMB calculations. These results exhibit scaling on large and intermediate scales to a good degree of accuracy over a ratio in conformal time of 2. A breach of scaling is evident at small-scales, where statistical uncertainties are highly suppressed, but as noted in the introduction this is expected due to the proximity of the associated length scales to the string width. We discuss this issue and our solution to it in Sec. III D. Numerical results for the string length density under scaling are also given in Table I (see also Sec. IV A 2). In addition to ensuring that the simulations are exhibiting scaling, we must also check that the use of s < 1 in our dynamical equations does not introduce significant systematic errors in our UETC scaling function results. This is most readily illustrated using the equal-time case again, with results shown in Fig. 3 . We can resolve no dependence upon s, except for at high kτ , which is again 0 , which is the start of the period when we take UETC data for the s = 0 case.
due to the proximity of the corresponding length scales to the string width. Since the affected scales are the very ones for which we apply the extrapolation mentioned in the introduction, then this effect is of no concern (see Sec. III D). For completion, however, the s-dependence on these scales can be explained as follows. The higher s, the more rapid the reduction in comoving string width during the Hubble phase and therefore the attenuation of small scale power (see Sec. III D) manifests itself at higher kτ . Hence the s = 0 case yields lower results at the highest-plotted kτ values.
Since s = 0 simulations enable the greatest range in τ /τ ′ under scaling, while accurately matching the dynamics seen at higher s values, our final CMB results will be based upon s = 0 simulations and we will limit our remaining discussion in this article to simulations at this value of s.
C. UETC scaling function results and decoherence
Despite our improved initial conditions, we are only able to study the system when it is scaling accurately for conformal time ratios τ /τ ′ ∼ 2 (corresponding to physical time ratios ∼ 4 in the radiation era and ∼ 8 in the matter era). As can be seen in Fig. 4 this is sufficient to map out the important region of the UETCs, and to permit extrapolation in τ /τ ′ as explained below. It can be seen that the auto-correlator scaling functions peak for τ = τ ′ and decay for unequal times, with decay occurring for τ /τ ′ ratios that deviate only slightly from one if k √ τ τ ′ is large but more slowly on super-horizon scales. In the cross-correlation caseC S 12 , this is broadly true but the peak is noticeably offset on super-horizon scales.
This behaviour can be considered in more detail via the coherence function, which we also use for τ /τ ′ extrapolation. We define this function as follows in order to remove the equal-time kτ dependence from the unequal-time results:D
where the modulus in the square-root is relevant only forC S 12 . This has the attractive feature of being equal to ±1 at equal-times and is positive at such times for all auto-correlations. Our results are shown in Fig. 5 , Fig. 6 , and also in Fig. 9 . The small-scale behaviour can be understood by considering that the network can quickly decohere when coarse-grained on sub-horizon scales 1/k ≪ ξ since the relativistic strings must simply travel ∼ 2π/k. As a result the coherence function decays by |kτ − kτ ′ | ∼ 2π. Figure 6 highlights this decay, and that the form ofD as a function of k(τ − τ ′ ) is scaleindependent on small scales. On the other hand, when plotted as a function of τ /τ ′ , as in Fig. 5 , the equal-time ridge becomes increasingly sharp on these scales.
On super-horizon scales the decay is much slower, taking of order a Hubble time: τ /τ ′ ∼ 2. For these longer wave modes the coarse-grained regions each contain a number of horizon volumes. A particular horizon volume that is initially over-dense will become under-dense due to the stochastic string dynamics in a time that is of the same order its initial size, i.e. ∼ τ ′ . Therefore the averaged properties of the large coarse-grained region decohere on this time-scale and the decoherence functions for large scales show decay at a fixed value of τ /τ ′ , independent of scale.
We extrapolate our UETC scaling function results to greater time ratios in the auto-correlation cases by first noting that the form of the coherence function at fixed k √ τ τ ′ is approximately Gaussian in log(τ /τ ′ ), but with the width dependent on k √ τ τ ′ . For super-and nearhorizon scales we hence take each k √ τ τ ′ value in turn and match a Gaussian profile exp[− log 2 (τ /τ ′ )/2σ 2 ] to the data at the most extreme τ /τ ′ value and then use that profile to extrapolate to larger time ratios. On the other hand, for sub-horizon scales the decay is very rapid and we simply extrapolate with zeros. The results of these extrapolations can be seen in Figs. 4 and 5.
For the cross-correlatorC S 12 on the other hand, our results show that the τ /τ ′ -profile on horizon and superhorizon scales is complex and non-Gaussian, making reliable extrapolation impossible. For this correlator we use the Gaussian fits toC S 11 andC S 22 , with widths σ 11 and σ 22 , to provide information on the likely decay timescale. We then fit a Gaussian of width σ 12 = (σ 11 + σ 22 )/2 but with free mean and normalization to theC S 12 data from the most extreme time ratios, and then employ that to yield extrapolation. Figure 7 shows a plot of kτC S 11 for τ ′ = τ from simulations with s = 0. From the upper pane it can be seen that this quantity is approximately independent of kτ on subhorizon scales until kτ ∼ 200 at the earliest time shown or until about kτ ∼ 400 at the latest time plotted. The plateau highlights an important point: thatC S 11 drops off as ≈ 1/kτ on sub-horizon scales, which matches our basic expectations as well as similar measures from NG simulations [64] . However, on smaller scales there is a sudden attenuation of power, and at a kτ value that is increasing with time. The lower pane clarifies the later by re-plotting this against k rather than kτ , showing that this is occurring at a fixed comoving scale of k ≈ 2φ 0 . This corresponds to a few times the string width, which is a fixed comoving width in this s = 0 simulation.
D. Extrapolation of UETCs to sub-string scales
We find evidence that all equal-time scaling functions vary as approximately 1/kτ on small scales (except in the vector case for which (kτ ) 2C V varies roughly as 1/kτ ). Figure 8 shows power-law fits to kτC (and (kτ ) 3C in the vector case) over the range kτ = 30 → 100, which lies between the interesting effects on horizon-scales and the artifacts of the string width on very small-scales. While it would be desirable to have a further order of magnitude via which to confirm the behavior in this regime, it is clear in all cases that a substantial improvement in our estimate of the scaling functions on small scales would be arrived at by extrapolating this trend down to scales near and below the string width.
We extrapolate the unequal time scaling functions to small scales using our knowledge of the attenuation experienced at equal-times for both τ and τ ′ . First we define the attenuation level R as the ratio of the extrapolated equal-time scaling function and the measured version at time τ :
where we have added a subscript toC to indicate that the measured correlator does not scale exactly and so is is then simply a function of k, ie. the comoving length scale, and indicating that the attenuation of the signal occurs on scales a few times the comoving string width, which is constant in this s = 0 case. not only dependent upon kτ , while p and Q are constants found from the power-law fit. We then extrapolate the UETC scaling function as:
This is based on the correlators being quadratic quantities and includes an appropriate compensation factor for each of the two times involved, which in practice must be nearly equal for the scaling function to be significant, while in the equal-time case this simply returns the power-law fit.
E. CMB calculations and UETC eigenfunction decomposition for small scales
As explained in Sec. II, having determined the UETC scaling functionsC(k √ τ τ ′ , τ /τ ′ ), we decompose them into a sum of terms involving functions of a single variablẽ c n (kτ ), which then act as the sources of metric perturbations in the CMB calculations. Each function hence corresponds to one term in the sum for the CMB temperature or polarization power spectra.
The following discussion is simplified if we discuss initially only the tensor case, for which we require a single UETC that is symmetric under the exchange of τ and τ ′ . Since we can only representc n (kτ ) numerically at discrete kτ values κ i (with i = 1, . . . , M ), then this step boils down to the decomposition of a real and symmetric M × M matrixC ij =C( √ κ i κ j , κ i /κ j ), the eigenvectors of which form an orthonormal set. It can hence be seen that the decomposition:
is equivalent to determining the eigenvalues λ n and eigenvectorsc ni of the matrixC ij . In the scalar case, the situation is more complex but the discussion proceeds similarly 3 , while in the vector case we apply the decomposition to k 2 √ τ τ ′C . In BHKU we found that accurate results over the relevant angular scales were obtained with M = 512 and κ M = 200, while only the terms with the 128 highest |λ n | values were needed. However, here we wish to include the high-kτ tails of the UETCs out to kτ ∼ 5000, but the narrow width of the equal-time ridge requires ∆κ ≈ 1 and hence we would require M ∼ 5000. Additionally, the small amplitude of the tails implies that their 3 In the scalar case there are two source functionsS Φ andS Ψ between which there is a finite correlation. To deal with this we form a 2M × 2M symmetric matrix by tilingC S 11 ,C S 12 ,C S
21
andC S 22 and then takeS Φ to be the first M elements of the eigenvector andS Ψ to be the second half (see BHKU). However, this barely changes the present discussion of small scales signal is likely to be contained in eigenvectors with very low eigenvalues, and therefore we would need to include all terms in our CMB calculations. Due to the nature of the sources, each Einstein-Boltzmann integration is much slower than the corresponding primordially-seeded calculation required for CMB predictions from inflation and hence this process would be particularly time consuming. Further, the contributions to the CMB power spectrum in our target range 2 ≤ ℓ ≤ 4000 from extremely high kτ are minor, while our knowledge of the UETCs on such scales is only via the above power-law extrapolations.
We proceed instead by performing the decomposition in such way that each "eigenvector" is localized in kτ , since we then have an immediate understanding of how it contributes to the CMB power spectra. Firstly we arrange for all of the dominant horizon and super-horizon power (kτ 100) to be contained within a particular set of eigenvectors, which then completely dominate the CMB temperature power spectrum for multipoles ℓ 1000, but their contributions decay for smaller angular scales. Secondly, the simple form of the UETC scaling functions on sub-horizon scales allows us to obtain a knowledge of the CMB contributions from extremely high kτ values by combining our calculations for moderate kτ values with approximate scaling laws, as explained momentarily.
The kτ localization is achieved by noting that the rapid decay of the scaling functions for unequal times means thatC ij can be approximated as the sum:
where, as indicated in Fig. 9 ,C m ij is finite only for δ m ≤ i, j < δ m+2 , with the δ n chosen to yield an array of overlapping matrix blocks which cover the important regions of the kτ -kτ ′ plane: horizon scales and the sub-horizon equal-time ridge. In the regions of overlap, the UETC power is shared between the two matrix blocks such that the contribution from a given block varies smoothly from zero at the extremes of the corresponding kτ range, up to full at the block centre. As a result of this construction, each component matrix C m ij has eigenvectorsc mn i which have the desired locality in kτ , being finite only for δ m ≤ i < δ m+2 , while there are δ m+2 − δ m eigenvectors for each block. We chose the δ m values and kτ spacing such that the first block is finite only for kτ < 100, while the subsequent blocks have width ∆(kτ ) = 20, as indicated in Fig. 9 .
Importantly, the content in all of the higher blocks is of the same form: a ridge of given width with a central height that decays by a fraction ∼ ∆kτ /kτ across the block (in addition to the decays required to share power between overlapping sub-matrices). So long as ∆kτ << kτ , then the ∼ 1/kτ power-law decay has minimal impact and the differences between the higher blocks are effectively just translation in kτ and a change in normalization. That is, the eigenvectors are effectively trans-
The block-wise coverage of the kτ −kτ ′ plane. A large primary block contains the dominant UETC data at near-and super-horizon scales (kτ < 100). Then smaller blocks of side ∆(kτ ) = 20 cover the diagonal, with overlapping to aid coverage. The gray-scale image shows the coherence functionD S 11 to illustrate that these patches cover the region over which the UETC is significant, with light colors indicating higher values. The dark outer region indicates the region for which we extrapolate the coherence function, as in Fig. 5 . lated in kτ while the eigenvalues absorb the normalization change.
When our modified version of CMBEASY is applied to the eigenvalues and eigenvectors from the higher blocks, the temperature and polarization power spectra returned also have effectively the same form, except for the approximate re-scaling:
where κ m is the central kτ value of the mth block while β ≈ 2 is a constant to be determined. This is illustrated for the vector mode in Fig. 10 . It can also be seen that the contribution from a given block rises as approximately ∝ ℓ up to a plateau for ℓ ≈ κ m → 200κ m before rapidly decaying for higher ℓ. The key point is that given this scaling, we can find an approximation to the CMB power spectrum contribution from kτ values beyond the maximum value for which we perform full calculations κ full , by simply summing over many such re-scaled forms until the desired accuracy is reached. The total power spectrum is hence: which is shown in Fig. 11 for the scalar mode. Furthermore, since P m ℓ decays rapidly for ℓ 200κ m , then we may extrapolate the sum for ℓ → ∞ with m max → ∞ by approximating it as an integral, which then varies as:
independent of the detailed form of the function f (ℓ). For β ≈ 2, this yields roughly the 1/ℓ form expected at very small angular scales due to the GKS effect [33] , as will be discussed in Sec. IV A 2. For the scalar, vector and tensor modes respectively we find β = 2.5, 1.9 and 1.7 and we hence tentatively predict that the CMB contributions from each vary as ℓ −1.5 , ℓ −0.9 , ℓ −0.7 at very high ℓ (see next section).
Note that the use of this approximate re-scaling property is applied only to kτ values for which our knowledge of the UETC scaling functions is arrived at via powerlaw extrapolation. That is, we perform full CMB calculations for the range of kτ for which the simulations provide direct information, and it is fortunately the case that these provide the overwhelmingly dominant contribution for scales ℓ 1500, while in the present article we are limiting ourselves to ℓ ≤ 4000 and hence the extrapolations made are fairly reliable. The build up of the high ℓ scalar mode temperature power spectrum as the maximum included kτ value is increased. From bottom to top in the plot these correspond to the kτ 150, kτ 300, kτ 550 and finally kτ 5000. Results shown by thin solid grey lines are from full CMB calculations, while the thick grey dashed and thick black solid lines correspond to results obtained using the rescaling property for kτ 150. The power-law extrapolation is shown by the thin dashed line and is a reasonably accurate description of the final kτ 5000 result for ℓ 3000.
IV. CMB RESULTS
A. Temperature Power Spectrum
Results
We present our final CMB power spectrum results for cosmological parameters: h = 0.72, Ω b h 2 = 0.214 and Ω Λ = 0.75, which match those used in BHKU and the central values from non-CMB measurements [65] [66] [67] . We additionally assume an optical depth to last-scattering of η = 0.1, which again matches BHKU. For the case of the temperature power spectrum these are shown in Fig. 12 . The form is essentially that found in BHKU: at low ℓ there is a roughly ∝ log ℓ rise up to a broad peak between ℓ ≈ 30 → 700 (75% of peak), with the peak itself at ℓ ≈ 400. At greater ℓ the spectrum decays, initially as roughly 1/ℓ 2 , but this then slows to roughly 1/ℓ for ℓ 3000, which is more clearly evident in Fig. 13 .
The reason for this change in behaviour can be seen in Fig. 14 , in which we compare our results to those in which the cosmic string sources are artificially zeroed for times prior to recombination. This zeroing can be seen to remove from the signal a contribution that dominates for ℓ ≈ 500 → 2000 over a smaller signal that is sourced at later times and that has the approximate 1/ℓ form. That is, the early-time signal is Silk-damped at small-scales such that the late-time signal is revealed and dominates for ℓ 3000. Note that this decomposition into pre-and post-recombination is ambiguous since decoupling is not instantaneous and additionally we require the scalar and vector sources to be temporally differentiable, implying that we must have a gradual transition from zero to the nominal source value. These are responsible for the small difference in amplitude between the two power-laws seen in the figure.
Although the aim of our calculations was merely to obtain results at ℓ ≤ 4000 that are accurate enough to allow reliable comparison against observational data, it The string contribution to the temperature power spectrum when including the string sources only after recombination (thin) or at all times (thick), with the difference between the two additionally shown (dashed). Recombination is not instantaneous and additionally the string source functions must be temporally differentiable and thus must be gradually switched on, hence this decomposition is ambiguous and there is an artificial reduction in the amplitude of the power-law at high ℓ for the post-recombination results.
is also interesting to note what expectations we have for ℓ > 4000. As discussed in the previous section, the ℓ → ∞ limit of the Eq. (34) sum suggests the contributions vary as ℓ −p , where p = 1.5, 0.9 and 0.7 for the scalar, vector and tensor modes respectively. However we caution against large extrapolations using these power-laws since our simulations do not have the dynamical range required to yield confident knowledge of the UETC power-laws at high kτ , particularly in the vector and tensor cases, and that uncertainty feeds through to the present power-laws (see Fig. 8 ).
Comparison with results from Nambu-Goto strings
Firstly our results obtained for small angular scales are in broad agreement with analytical expectations from the GKS effect using a Gaussian model of a Nambu-Goto string network [33] , which predicts a 1/ℓ dependence in the small-scale limit. That model would have yielded ETC functions behaving as 1/kτ at small scales, which is not precisely as seen in our simulations.
Further, this approximate dependence has also been confirmed in work based upon high resolution NambuGoto simulations by Fraisse et al. (2008) [39] . While the Nambu-Goto simulation result stems from a method that does not include recombination and hence only includes the effects of strings after last-scattering, their results reveal a 1/ℓ 0.9 variation in the power spectrum over the range 400 ℓ 10 4 . Their calculations are hence most comparable 4 to our results in Fig. 14, when we artificially zeroed our string sources until decoupling, which also indicate a power-law dependence for ℓ 400. Importantly our full results demonstrate for the first time at which angular scales this ≈ 1/ℓ dependence is valid, namely ℓ 3000 -scales finer than a few arc minutes.
At angular scales near the peak of the spectrum (ℓ ∼ 400) there are no recently published results from NambuGoto simulations against which we can compare our results, with Contaldi et al. (1999) [40] providing the only example of such work. However, this employed Minkowski space-time simulations plus now out-dated cosmological parameters and therefore a detailed comparison is not appropriate. The basic form of our spectrum is in good agreement with their results, although their power spectrum shows a shift to higher ℓ compared to those presented here. Further, their results suggest that Nambu-Goto networks yield CMB predictions with a larger overall normalization. This is also seen by comparing to power spectra calculated from FRW Nambu-Goto simulations and modern cosmological parameters, but which are valid only for discrete multipole ranges (and miss the ℓ ∼ 400 peak) [38, 68] . Nambu-Goto strings would require Gµ ≈ 0.7×10 −6 in order to fit observations at ℓ < 10 [38], while we would require Gµ = 1.8 × 10
to match the WMAP5 result at ℓ = 10. This is not unexpected given the simulation results and, as shown in Table I , Nambu-Goto calculations yield higher string densities than field theoretic ones, raising the power spectrum normalization and shifting power to smaller scales. We believe this density difference is because field theory simulations provide a decay channel, namely radiative decay, which is not included the Nambu-Goto codes. Despite this, the Fraisse et al. result for ℓ(ℓ + 1)C ℓ /(Gµ) 2 at ℓ = 4000 is ≈ 25, which compares favourably to our result of 20 at this multipole. This may be due to ambiguities associated with their non-inclusion of recombination rather than a real agreement in the amplitude of the power-law.
As discussed in the introduction, the USM is a computationally cheap means of estimating the CMB power spectrum, and this has also been used to study the string contribution at sub-WMAP angular scales with the USM parameters set to approximate a Nambu-Goto network. The published work [43] highlighted a 1/ℓ 2 dependence near ℓ ∼ 2000, but a more recent look at greater ℓ prompted by our results does indeed reveal an approximately 1/ℓ variation in the USM power spectrum above ℓ ∼ 3000 [69] . 4 Note that in contrast with Fraisse et al., even these results still include the effects of perturbations induced in the matter by the string sources and do not make use of the flat-sky approximation, hence they are still not including exactly the same CMB physics. , the string contribution (black) and the SZ effect (grey, dashed). The inflationary scalar mode and f10 ≈ 1 string contribution are both normalized to match the WMAP data [1] at ℓ = 10, while the f10 ≈ 0.1 string contribution is set to yield 10% of the observed power at this multipole (the approximation signs are because f10 is defined relative to the total theoretical power spectrum, not the observations). Two normalizations are shown for the SZ contribution, one for each of the QUAD bands: 100 and 150 GHz.
Comparison with the contribution from inflation
It is of course useful to compare the cosmic string power spectrum with that from inflation, to which it should be added 5 . This comparison is eased if we give the string contribution an artificially high normalization such that it is equal to the inflationary contribution at ℓ = 10 and then set both to be equal to the value observed by WMAP at that multipole, as in Fig. 15 . It can be seen that while the string contribution approximately tracks the troughs in the inflationary contribution for ℓ < 1500, the exponential suppression of the inflationary contribution at high-ℓ means that the string component grows in relative size, and dominates for ℓ 2000. Switching to a more realistic string contribution, with one-tenth of the previous normalization, this domination is delayed until ℓ ≈ 3500, but importantly the fraction of the total theoretical spectrum due to strings f ℓ increases from f 1500 ≈ 0.1 to f 3500 = 0.5 and therefore accurate data at ℓ 2000 should in principle be highly sensitive to cosmic strings.
However, these are the same angular scales for which the Sunyaev-Zel'dovich (SZ) effect [71] begins to make a significant contribution to the temperature power spectrum at certain observational frequencies. This contribution results from the distortion of the black-body spectral profile as the CMB photons pass through galaxy clusters and Compton-scatter off hot electrons. In Fig. 15 we plot the predictions made by Komatsu and Seljak [72] , normalized 6 for the two frequency bands observed by the QUAD project [29] , namely 100 and 150 GHz. It can be seen that the string contribution with f 10 ≈ 0.1 is likely to be shrouded, even at high ℓ, when measurements are made at low frequencies, but in observational bands near 220 GHz, the SZ effect is suppressed. Unfortunately higher frequencies have a greater contribution from unresolved point sources [30] and in practice observations at a number of frequencies will be required in order to understand the frequency dependent contributions and remove them to yield a high sensitivity to the frequencyindependent cosmic string component from temperature power spectrum measurements alone.
B. Polarization Power Spectra
CMB polarization anisotropies differ from those for temperature in that they are created almost exclusively at recombination. Since the polarization is caused by Thompson scattering in the presence of a quadrupole anisotropy, the universe must be ionized in order to create it, but with Thompson scattering still weak enough for it not to have suppressed the quadrupole too heavily. Polarization is hence created only very close to recombination, and also weakly during the recent re-ionized epoch. As a result, the polarization signal comes primarily from horizon-scale UETC power impacting at times close to recombination. The contributions from high kτ near last scattering are outside our window of interest ℓ ≤ 4000 and are suppressed by Silk-damping. Further, the contributions from high kτ at recent times are negligible because there is little UETC power at such scales and the re-ionization contribution is secondary in importance. Our present results, shown in Fig. 16 , therefore add little new information for CMB polarization from strings beyond our previous results [22, 24] .
However, for completion, it should be noted that while the string contribution is sub-dominant for all scales in the E-mode polarization spectrum (EE) and the cross correlation of the E-mode with temperature spectrum (TE), it may dominate the B-mode polarization spectrum (BB) for scales ℓ 400. This is possible because the inflationary scalar mode contributes to BB only via weak gravitational lensing, which converts EE power into BB. Furthermore, our results indicate that the string con- 6 The plotted SZ spectrum was calculated for Ω b h 2 = 0.023 and σ 8 = 0.8 and scales in normalization as roughly (Ω b h) 2 σ 7 8 [72] . A comparison between the string contribution (thick) to the CMB temperature and polarization power spectra with the adiabatic scalar contribution from inflation (thin). The normalization of the string component is set at f10 ≈ 0.1, while the inflationary scalar contribution uses the same settings as in Fig. 15 . For the BB spectrum we also plot the possible contribution from the inflationary tensor mode (dot-dashed), normalized at its 95% upper limit [73] .
tribution peaks at significantly lower ℓ than the weak lensing contribution, which should readily prevent confusion between the two, while the weak-lensing contaminant can also be partially removed [74] . Note that we find a BB peak from strings that is at larger scales than is seen in USM results when that model is set to approximate Nambu-Goto simulations [46] , as expected given our lower string densities, and that the USM results suggest more confusion with the weak-lensing signal. It is also possible that the inflationary tensor mode may make a sizable contribution to the BB spectrum at very large angular scales, as shown in Fig. 16 , but its normalization depends on the details of the inflationary model and is poorly constrained by current data. A wealth of B-mode data will soon be available and promises to be highly sensitive to cosmic strings [24, 46, 74] .
V. CONCLUSIONS
We have presented the first calculation of the cosmic string CMB temperature power spectrum contribution that is accurate over the multipole range ℓ = 2 → 4000, a range that encloses the scales probed by the Planck satellite (ℓ = 2 → 2500) and additionally scales at which suborbital data are becoming increasingly accurate. Further, we show that at ℓ ∼ 3000 there is a knee in the power spectrum result due to the exponential decay of the early time contribution at small-scales, which then reveals the post-recombination component. This late-time contribution varies as roughly 1/ℓ, which is the basic expectation for the GKS effect [33] . Our results yield values for the power law exponent for each of the scalar, vector and tensor contributions to the overall high-ℓ behaviour and can in principle be used to estimate the temperature contribution from strings for ℓ > 4000. However this extrapolation must be performed with caution since our simulations do not have the dynamic range to yield these power laws with great confidence.
Our results indicate that the size of the cosmic string signal in the temperature power spectrum, relative the adiabatic inflationary component, is roughly 10 times greater at ℓ ≈ 3500 than it is at ℓ ≈ 10 or ℓ ≈ 400 − 1500 and therefore small scales are particularly important for cosmic strings. While it is true that other contributions also become significant at small scales, for example the Sunyaev-Zel'dovich effect, such effects are frequency-dependent and hence can be identified and subtracted. Further, our results are not limited to temperature anisotropies but include polarization also, which is of great future importance for strings in the case of the B-mode. We present a comparison of our temperature and polarization results to the latest data in a separate, shorter article [75] .
Our simulations also yield greater knowledge of the scaling properties of Abelian Higgs string networks, with improvements in the accuracy of results such as the scaling density and the UETCs. Additionally, we have measured the coherence function for Abelian Higgs strings for the first time, the form of which is important for calculations of this kind.
That our results stem from the Abelian Higgs model means, of course, that they are not necessarily accurate for cosmic superstrings (see eg. [10] for a review). These superstrings may have intercommutation probabilities significantly lower than that for gauge strings and additionally may form Y-shaped junctions, which do not form in the Abelian Higgs model for the parameters chosen here. While small-scale structure on the strings has been shown to lessen the impact of the intercommutation probability [76] , the effect of Y-junctions on the network properties is highly uncertain. Both effects are likely to increase the string density and decrease the inter-string distance, resulting in a shift of the peak in the CMB signal to greater ℓ values. This may therefore enable superstrings to be distinguished from conventional cosmic strings should a string component in the CMB be detected in future data.
Finally, we note that the power spectrum is not a complete statistical description of the anisotropies that would be seeded by cosmic strings, since there would be a significant non-Gaussian character created by the GKS effect. Higher order moments such as the bispectrum and trispectrum have been calculated [77] [78] [79] , in addition to realizations of CMB maps [44, 68] . While these calculations are challenging and either do not include recombination or are valid only for very limited multipole ranges, non-Gaussianity is an exciting channel for future cosmic string constraint or detection.
